We give an extensive study on a class of interfacial superroughening processes with finite lateral system size in 1 + 1 dimensions described by linear growth equations with spatiotemporally power-law decaying correlated noise. Since some of these processes have an extremely long relaxation time, we first develop a very efficient method capable of simulating the interface morphology of these growth processes even in very late time. We numerically observe that this class of superrough growth processes indeed gradually develops macroscopic structures with the lateral size comparable to the lateral system size. Through the rigorous analytical study of the equal-time height difference correlation function, the different-time height difference correlation function, and the local width, we explicitly evaluate not only the leading anomalous dynamic scaling term but also all the subleading anomalous dynamic scaling terms which dominate over the ordinary dynamic scaling term. Moreover, the relation between the macroscopic structure formation and anomalous interfacial roughening of the superrough growth processes is analytically investigated in detail.
I. INTRODUCTION
The interfacial roughening phenomenon has drawn considerable interest for its generic behaviors widespread in nature [1] . One of the most important physical quantities related to the interfacial roughening phenomena is the global interfacial width w͑L , t͒, which describes the statistical average of the interface height fluctuation relative to the average interface height over the whole system of lateral size L at time t. People have observed that the global interfacial widths w͑L , t͒ of the rough interfaces obey the ordinary dynamic scaling ansatz [2] w͑L,t͒ ϳ ͭ
Here, the two independent exponents and z are known as the global roughness exponent and the dynamic exponent, respectively. In contrast to the global interfacial width w͑L , t͒, the local interfacial width w͑l , t͒ describes the statistical average of the interface height fluctuation relative to the average interface height within the local window of lateral size l͑ӶL͒ at time t. From the point of the experimental measurements, the local interfacial width w͑l , t͒ is much more accessible than the global interfacial width w͑L , t͒ for both time and economic concerns. Since it is generally believed that the kinetically roughened interfaces are selfaffine, most people only measure w͑l , t͒ in the experiments. Recently, this assumption of self-affinity is challenged by the observations of the peculiar interfacial features of the "superrough" growth processes (i.e., the global roughness exponent Ͼ 1). People have both experimentally [3] [4] [5] and numerically [6] [7] [8] observed that the local interfacial widths w͑l , t͒ of the superrough growth processes in finite systems of lateral size L obey the anomalous dynamic scaling ansatz
͑2͒
In contrast to the ordinary dynamic scaling ansatz, we see that the spatial scaling here [w͑l , t͒ vs l] in the intermediate and late time regime is described by the local roughness exponent Ј͑ϵ − ͒ instead of the global roughness exponent . The third nonzero independent exponent , which describes the local orientational instability of the superrough interfaces, is the signature of the anomalous dynamic scaling behavior. Interestingly, many fluctuating systems in various fields (such as atmospheric variability [9] , currency exchange rates [10] , pathological heart dynamics [11] , and nucleotide concentrations in deoxyribose nucleic acid sequences [12] , etc.) all exhibit trends in addition to stochastic noise. Their data profiles bear much resemblance with the interface morphology of the superrough growth processes. However, the values of the scaling exponents reported in various experiments [3] [4] [5] [9] [10] [11] [12] spread over a considerable range. One source of the different exponent values could be the correlated nature of the noise. The presence of correlations in noise can change the scaling exponents and produce a family of continuously changing universality classes (if a universality class is identified by its scaling exponents). Although the origin of the correlations in noise is not understood, it has been successfully applied to explain many recent experiments in related fields such as the growth of diamond films [13] , daily temperature fluctuation in Hungary [14] , discharge of neurons in motor and parietal areas of the primate cortex [15] , bursting dynamics of a fiber laser with an injected signal [16] , etc. Thus, we are motivated to take an extensive study on the superrough growth processes with spatiotemporally correlated noise. We will undertake a deep investigation on the superrough growth processes with finite lateral system size of L in 1 + 1 dimensions described by the following class of linear growth equations with spatiotemporally correlated noise:
with positive integer m, ͑3͒
where h͑x , t͒ denotes the interface height at position x and time t and ͑x , t͒ represents Gaussian-distributed noise of zero mean and power-law decaying correlation ͑x,t͒͑xЈ,tЈ͒ = D͉x − xЈ͉
with 0 ഛ Ͻ 1/2 and 0 ഛ Ͻ 1/2. ͑4͒
Here and throughout this paper, the overbar denotes the statistical average. Note that, for m = 1 and 2, Eq. (3) with white noise denotes respectively the well-known EdwardsWilkinson equation [17] and the Mullins-Wolf-Villain equation [18] . By using the simple scaling analysis, it is straightforward to obtain the values of the global roughness exponent =2m + + ͑2m −1͒ / 2 and the dynamic exponent z =2m, which is independent of and . Thus, the interfacial growth processes described by Eqs. (3) and (4) with 2m + + ͑2m −1͒ /2Ͼ 1 display superroughening phenomena. The outline of this paper is as follows. We first analytically obtain the exact form of the interface heights h͑x , t͒ and then numerically simulate the interface morphology in order to get the overall pictorial features of the growth processes described by this class of equations. Then, we will undertake an extensive analytical study of the equal-time height difference correlation function. Special attention will be paid to the intermediate and late time asymptotic behavior of G͑r , t͒, because the anomalous dynamic scaling behaviors of superrough interfaces appear in these two regimes. For completeness, we also derive the different-time height difference correlation function at the steady state in detail. Finally, we will focus on the relations among the equal-time height difference correlation function, the local width, and the global width. In addition, the relation between the macroscopic structure formation and anomalous interfacial roughening of superrough growth processes will be discussed in detail.
II. INTERFACE CONFIGURATION
Now let us consider a one-dimensional interface h͑x , t͒ defined on a linear substrate, from x =0 to x = L, with periodic boundary conditions. By Fourier transforming Eq. (3) into k-space, we obtain ‫ץ‬ t h͑k n ,t͒ = − k n 2m h͑k n ,t͒ + ͑k n ,t͒, where k n ϵ n͑2/L͒ with n = 0, ± 1, ± 2, ... . ͑5͒
Under the assumption of the flat initial conditions, the solution is then obtained
͑7͒
Subsequently, by Fourier transforming this result back to x space, the exact form of the interface height h͑x , t͒ can be obtained. We then perform some simulation to pictorially observe the interface morphology. Note that the dynamic exponent z =2m and thus this class of the growth processes have extremely long relaxation time as the value of m increases. Here we first develop a very efficient method capable of simulating the interface morphology of these growth processes even in the very late time. By employing Eqs. (6) and (7), we have
Since all the ͑x , t͒'s follow the normal distribution, all their linear combinations including all the real and imaginary parts of ͑k n , t͒'s and h͑k n , t͒'s follow the normal distribution. We then take the following four steps.
(1) h͑k 0 , t͒ is set to 0, since it is irrelevant to the relative heights.
(2) h͑k L/2 , t͒ is real and follows the normal distribution with mean zero and standard deviation ͱS͑k L/2 , t͒.
S͑k n , t͒ and h͑k n , t͒h͑k n , t͒ = 0. Thus, h͑k n , t͒ is a complex random variable with the real part and the imaginary part mutually independent and both following the normal distribution with zero mean and standard deviation ͱS͑k n , t͒ /2.
(4) Perform Fourier transformation of ͕h͑k n , t͒ 's͖ to get ͕h͑x , t͒ 's͖.
We pictorially observe that the growth process described by Eqs. (3) and (4) with 2m + + ͑2m −1͒ /2Ͼ 1, starting from the flat initial condition, gradually develops a macro-scopic structure with the lateral size comparable to L. Besides, the periodic boundary condition restricts the macroscopic structure in the form of global mountains or valleys. For a larger value of m, there is less restriction on the local interfacial slope variation and, consequently, the macroscopic structure becomes rougher. Thus, as the value of m increases, the values of the exponents and both become larger. For illustration, Fig. 1 demonstrates a series of different time snapshots of interface configurations of the growth processes described by Eqs. (3) and (4) with = 0.2 and = 0 for m =3.
III. EQUAL-TIME HEIGHT DIFFERENCE CORRELATION FUNCTION
We will take an extensive analytical study of the equaltime height difference correlation function G͑r , t͒ and rigorously evaluate its asymptotic forms in different time regimes. G͑r , t͒ is defined as
with ͗...͘ L denoting the lateral spatial average over the whole system of lateral size L throughout this paper. By doing some calculation, we get
Subsequently, G͑r , t͒ is obtained as follows:
It is easily seen from Eq. (11) that there exists a characteristic wave vector k c ͓ϵ͑t͒ −1/2m ͔. It separates the time evolution of G͑r , t͒ into three regimes: k c ӷ 1/r, 1/r ӷ k c ӷ 1/L, and k c Ӷ 1/L.
For k c ӷ 1/L, we can approximate Eq. (11) by taking the limit L → ϱ and thus
We then derive the early and intermediate time asymptotes of G͑r , t͒ from Eq. (12). First, for the early time regime ͑k c ӷ 1/r ӷ 1/L͒, the asymptotes of G͑r , t͒ is readily obtained to the leading order
After substituting k c = ͑t͒ −1/2m , the global roughness exponent =2m + + ͑2m −1͒ / 2, and the dynamic exponent z =2m into Eq. (13), the early time asymptote of G͑r , t͒ can also be expressed as [ 
for q ജ m, and
with B x ͑a , b͒ denoting the incomplete beta function [19] . After substituting k c = ͑t͒ −1/2m , the global roughness exponent =2m + + ͑2m −1͒ / 2, and the dynamic exponent z =2m into Eq. (16) 
2m+2+4m−1 1+2 ⌫͑2m + 2 + 4m͒ cos ͓͑m + + 2m͔͒
with ͑ ; u͒ denoting the generalized zeta function [19] . By employing the following relations: ͑ ; u +1͒ = ͑ ; u͒ −1/u for u ജ 0, ͑ ;1͒ = ͑͒ (Riemann's zeta function), and ‫ץ‬ u ͑ ; u͒ =−͑ +1;u͒, we then obtain Consequently, the late time asymptote of G͑r , t͒ is obtained:
with the coefficients A 2q = −2 tan͓͑m + +2m͔͒⌫͑2q +1 −2m −2 −4m͒͑2q +1−2m −2 −4m͒ / ͓͑2q͒ ! ͔ and A =1/͕⌫͑2m +2 +4m͒cos͓͑m + +2m͔͖͒. By substituting the exponent =2m + + ͑2m −1͒ / 2 into Eq. (22), the asymptote of G͑r , t͒ in the late time regime can also be expressed as (3) and (4) with 2m + + ͑2m −1͒ /2Ͼ 1 does satisfy, to the leading order, the anomalous dynamic scaling ansatz given in Eq. (2) with l substituted by r. The local roughness exponent Ј =1 (independent of m, , and ) for all the superrough growth processes described by Eqs. (3) and (4), while the exponent = −1=2m + + ͑2m −3͒ / 2. In addition to the different spatial scaling behavior between G͑r , t͒ and the global interfacial width, the other key feature of anomalous dynamic scaling ansatz is that, at the regime r z / Ӷ t Ӷ L z / , G͑r , t͒ does not saturate but still increases with time and the lateral system size L enters as an important cutoff for this superrough situation. In the thermodynamic limit ͑L → ϱ͒, G͑r , t͒ then can increase with time indefinitely. For illustration, Fig.  2 shows the numerical solution of G͑r , t͒ vs t in the log-log scale for the interfaces described by Eqs. =3) . For visibility, the data points for the m = 2 and 3 cases are shifted upward by 5 and 10 units, respectively, in Fig. 2 . The straight lines with the slope equal to 2 / z and 2 / z͓=2͑ −1͒ / z͔ are drawn along the data to make the crossover more visible.The figure clearly shows that G͑r , t͒ evolves through three different time regimes, distinct from the ordinary dynamic scaling behaviors. In addition, Fig. 3 shows the saturated value of the equal-time height difference correlation function, G sat ͑r , L͒, vs the lateral system size L in the log-log scale for the growth processes described by Eqs. (3) and (4) with m = 2, and the noise indices ͑ , ͒ = ͑0.1, 0.1͒, ͑0.2, 0.3͒, and ͑0.4, 0.4͒. Thus, the corresponding values of the scaling exponents are ͑ , z , ͒ = ͑2,4,1͒, ͑2.9, 4 , 1.9͒, and ͑3.5, 4 , 2.5͒ for the ͑ , ͒ = ͑0.1, 0.1͒, ͑0.2, 0.3͒, and ͑0.4, 0.4͒ cases, respectively. The parameters are set to be =1, D = 1, and r = 10. The straight lines with the slope equal to 2͓=2͑ −1͔͒ are drawn along the data. All the data points fit the analytical prediction very well. Note that, for the ordinary dynamic scaling ansatz, the saturated value of G͑r , t͒ is independent of the lateral system size L, if r Ӷ L. In contrast, G sat ͑r , L͒ → ϱ as L → ϱ for the superrough interfaces. In Sec. V, we will discuss in detail this intriguing feature, local orientational instability, of the superrough interfaces.
IV. DIFFERENT-TIME HEIGHT DIFFERENCE CORRELATION FUNCTION AT THE STEADY STATE
For completeness, we also study the different-time height difference correlation function at the steady state, which is defined as
By performing some calculation, we have
We then derive the asymptote of G s ͑r , ͒ in the limit of r z / Ӷ Ӷ L z / as follows:
with k c ϵ͑͒ −1/2m . By performing integration by parts systematically and using the following relations [19] :
ͮ with b Ͼ 0 and ͭ
we can first obtain the following double integrals involved in the asymptote of G s ͑r , ͒:
By employing the earlier obtained relations and with some tedious calculation, we eventually obtain the asymptote of G s ͑r , ͒ as follows:
with the coefficients
After substituting k c = ͑͒ −1/2m , the global roughness exponent =2m + + ͑2m −1͒ / 2, and the dynamic exponent z =2m into Eq. (28), the asymptote of G s ͑r , ͒ can also be written as
2͑−q͒/z / ͑ 1+2 ͔͒ and dЈ = d͓2D / ͑ 1+2 ͔͒. Indeed, we see that the terms
2͑−q͒/z r 2q with q Ͻ are all dominant over the ordinary dynamic scaling term dЈr 2 in the limit of ӷ r z / .
V. LOCAL WIDTH AND MACROSCOPIC STRUCTURE FORMATION
With the extensive studies about the asymptotes of G͑r , t͒, one can easily obtain the asymptotes of the local interfacial width w͑l , t͒, defined as 2 ͑l , t͒ of the growth processes described by Eqs. ͑3͒ and ͑4͒ with 2m + + ͑2m −1͒ /2Ͼ 1. The main reason causing the difference between the local and global scaling is that all these superrough interfaces are associated with local orientational instability but, at the same time, with periodic boundary conditions restricting the development of global interfacial widths, as illustrated in Fig. 1 .
